We report an approach to quantum open system dynamics that leads to novel nonlinear constant relations governing information flow among the participants. Our treatment is for mixed state systems entangled in a pure state fashion with an unspecified party that was involved in preparing the system for an experimental test, but no longer interacts after t = 0. Evolution due to subsequent interaction with another party is treated as an amplitude flow channel and uses Schmidt-type bipartite decomposition of the evolving state. We illustrate this with three examples, including both reversible and irreversible information flows, and give formulas for the new nonlinear constraints in each case.
I. INTRODUCTION
Entanglement, as a term of joint quantum coherence, is one of the most intriguing elements of quantum mechanics and it is crucial in quantum information tasks [1] . However the existence of an interacting reservoir or environment that leads to decoherence and/or disentanglement [2] [3] [4] places an obstacle to the maintenance of joint quantum coherence during any dynamical process [5] . Thus the study and control of entanglement dynamics has received wide attention in recent years (see reviews [6] [7] [8] ). There have been studies of entanglement dynamics from many points of view. Examples involve open system treatments [9] [10] [11] [12] [13] or closed quantum scenarios such as cavity QED systems [14] [15] [16] [17] [18] [19] [20] [21] , spin systems [22] [23] [24] [25] [26] [27] [28] [29] , etc.
Many interesting and sometimes surprising findings such as entanglement sudden death [4, 10, 11] , sudden birth [12] , revivals [13, 14, 20] , dynamical relations with quantum state transfer [22] [23] [24] , and other exotic types of entanglement evolution have been reported. Such interesting phenomena accompany the idea of tracking entanglement as a carrier of quantum information [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] [23] [24] [25] [26] , a generalization of entanglement swapping [30] .
One consequence has been the discovery of examples of non-trivial "information conservation" among three or more parties [18, 19, 26] , arising in cases of sufficiently symmetric interaction Hamiltonians, or special initial states, or reservoirs that are sufficiently small that their state evolution can be followed in detail, such as in perfect-mirror closed-system cavity QED [17] [18] [19] [20] [21] and in spin systems [23] [24] [25] [26] . However true reservoirs are complex and difficult to follow, especially if mixed state considerations are important. No general closed-form rules of entanglement transfer are known in such cases.
In this paper we revisit quantum information flow from a different perspective and derive a new class of entanglement constants of motion. Our approach employs amplitude channel dynamics and avoids information loss by tracing, while remaining open to non-Markovian as well as Markovian reservoir behavior. We note that the system of experimental interest, which may be one or more qubits, is almost always prepared in a pure state if possible, and frequently the method of preparation produces a pure entangled state. This means that the system itself is in a mixed rather than a pure state. We assume that the entanglement during state preparation, causing the mixedness, arose via interactions that have ceased prior to the beginning of a period of interest at t = 0. This period of interest could simply be intended for quantum memory preservation or for specific state manipulations. The static disengaged nature of the prior entanglement partner, and also its lack of specificity in our treatment, reduce it to a vague background object in any further qubit evolution, and for this reason we label it the "Moon".
A general sketch of our scenario is given in Fig. 1 . Unit A is taken as a two-level system (qubit) and unit a as a separate quantum system of arbitrary dimension interacting with it, nominally a reservoir. The Moon M , i.e., the non-interacting, unspecified, and completely static background, is entangled via an earlier preparation stage with A.
There obviously remains a wide choice for systems act- ing as environments that promote evolution of the system of interest after t = 0. We will illustrate a range of possibilities with concrete results in various specific interaction contexts: spontaneous emission [31] , JaynesCummings (JC) cavity dynamics [32] , and XY spin chain interactions [33] . These present very different physical situations and interaction mechanisms, and lead to distinct entanglement dynamics, but they all react similarly to the initial Moon entanglement. Our linked information constants arise from amplitude channel dynamics but do not rely on symmetries of the Hamiltonian or of any special initial state, in contrast to the cases in some previous work [18, 26] .
II. SCHMIDT ANALYSIS OF ENTANGLEMENT
In this section we address our approach to entangled state analysis. The Hamiltonian of our scheme reads
where H A , H a and H M are the Hamiltonians of the qubit system A, "reservoir" unit a and the previouslyinteracting Moon M respectively; and H Aa denotes the only existing interaction, that between A and a.
We start from the A-M entangled preparation state, i.e., the joint superposition state
where |e and |g are the excited and ground states of our qubit system A, and
are two normalized Moon states with {|M l } defined as a complete basis set for M . It need not be the case generally, but we assume in our example that the Moon states |m 1 and |m 2 are orthogonal, and because M is not interacting with either A or a they are effectively static:
We adopt a conventional approach to the interacting partner system labelled a, assuming that it is separable from the qubit A at t = 0, just as in the conventional treatment of a reservoir in quantum open system dynamics [2] [3] [4] . Therefore the entire initial state can be written as |ψ AaM (0) = cos θ|e |m 1 + sin θ|g |m 2 ⊗ |φ 1 , (5) where |φ 1 = k i k |k is a normalized state of unit a, and {|k } is a complete basis for a. Usually |φ 1 is the ground state of part a. We note that since M is not interacting, the evolution of the states |e |φ 1 and |g |φ 1 are driven only by the Hamiltonian H Aa , i.e., the dynamics of the A-a part can be separated from M . Therefore we will only need to focus on the A-a dynamics when we study the time evolution.
Before we proceed to the time dependent state in various specific models in the following sections, we will first discuss the initial Moon entanglement. As we know, the pure-state relation between the two sides of any bipartition is an R × S dimensional matrix (where R and S can be any numbers or infinite) that may connote entanglement, but in any event permits a Schmidt-type decomposition of the joint state [34] [35] [36] . We use the Schmidt parameter K introduced by Grobe, et al., [34] as our quantitative measure of entanglement, where K is not simply the dimension of the space [1] but rather relates to the number of Schmidt modes that make a significant contribution to the state. Therefore we name this parameter K the "Schmidt weight" from now on. The range of this Schmidt weight, N ≥ K ≥ 1 (N is the effective dimension of the space) corresponds to the concurrence range 1 ≥ C ≥ 0, when concurrence [37] is also applicable. The upper and lower ends of both ranges denote maximal and zero entanglement, respectively.
The Schmidt weight between two parties α and β of a general pure state |ψ αβ is defined as
where these λ k s are the non-zero eigenvalues of the reduced density matrix for either system, ρ α or ρ β [36] :
Here C is the coefficient matrix connecting the two separate arbitrary complete bases |n and |µ of systems α and β respectively, with
The square roots of λ k s are also the coefficients of the usual Schmidt decomposition [1] 
where |f 
Since a general pure state is usually in some arbitrary basis other than the Schmidt basis, it is natural for us to follow the coefficient matrix procedure to calculate the Schmidt weight (6). Accordingly we note from the initial state (5) that the coefficient matrix for the Moon M in the basis of |m 1 , |m 2 , |m 3 , ..., and the interacting partner a in the basis {|k }, is an ∞ × ∞ matrix which is given as
where the two-dot sign ".." represents the elements i k cos θ for all the other ks, while the three-dot sign "..." represents empty rows or columns of zeros for the infinite number of remaining matrix elements. The reduced density matrix however is simply
We note that the qubit has reduced the effective interaction space of the Moon to a two dimensional subspace, which means that in this context a two-state subspace of the Moon is in fact quite general. The non-zero eigenvalues of the above matrix are obvious, and the resulting Schmidt weight K M denoting the entanglement between the Moon the remainder is given as
Since the Moon M is not interacting, its internal dynamics only amount to a local unitary transformation [38] , which will not affect the entanglement between M and the rest, so K M is independent of time. We note that there is no Moon entanglement (K M = 1) when θ = π/2 or 0. In these cases the initial state is a trivial product state. Otherwise K M > 1. It is particularly interesting when the Moon restricts the A-a dynamics and acts as a monitor of the entire entanglement flow. The following sections take a few specific examples of the A-a interaction to show the role of Moon entanglement in their particular entanglement information dynamics.
III. SPONTANEOUS EMISSION
In this case the qubit system A is a two level atom and unit a is the quantum vacuum reservoir consisting of the continuum of photon modes. The atom will of course decay to its ground state asymptotically and irreversibly, while one photon is emitted [31, 39] . We write the Hamiltonian in the usual way as a sum of atom and reservoir contributions:
Here σ z A is the usual Pauli matrix, and the usual boson operators represent the reservoir with a continuum of modes, where a † k and a k denote the standard creation and annihilation operators respectively, and ω A and ω k are the atom and reservoir frequencies. Here k = 1, 2, 3, ..., ∞, labels the infinitely many modes. The interaction Hamiltonian is also standard:
where σ
A are the usual raising and lowering Pauli operators for the two level system A, and the g k s are coupling constants between the reservoir and the atom, for which fundamental expressions are well known [39] 
Here θ is the angle between the atomic dipole moment d 10 and the electric field polarization vectorǫ k , and V is the quantization volume. According to our generic description in Eq. (5), the initial state can be rewritten in the spontaneous emission case as
where |e and |g are the excited and ground state of the two level atom, and we have defined |φ 1 = |0 , indicating that all the reservoir modes are in their vacuum states.
With the help of the Weisskopf-Wigner treatment [31, 39] we will find
where the coefficient c e (t) = e −ΓAt/2 with Γ A = d 
are time dependent. The probability to find the atom in the excited state is P e (t) = |c e (t)| 2 = e −ΓAt , which decays to zero asymptotically and irreversibly.
With the dynamical state (17) we can begin to calculate the Schmidt weight K A (t), or K a (t), representing the entanglement between qubit A, or vacuum reservoir a, and their corresponding remainders. As defined in the last section, the coefficient matrix between A and the remainder for the time dependent state (17) is given as
where the two-dot sign ".." represents c k (t) cos θ for all the other ks and the three-dot sign "..." again represents empty rows or columns of zeros. Then the reduced density matrix is simply a 2 × 2 form
(20) Now according to the definition in Eq. (6), we immediately have the qubit entanglement K A (t) given by the expression
We note that at t = 0,
a finite number that is naturally the same as the constant Moon entanglement (12) . As time goes on, the probability of the atom in the excited state P e (t) decays gradually, and at t = ∞ the probability is completely transferred to the ground state and leaves the atom in a product state with its remainder system, which means eventually A is disentangled from the rest of the universe, and the Schmidt weight K A (∞) = 1. Fig. 2 illustrates the behavior K A (t) as a function of t at four different θ values. We note that in the region when sin 2 θ < cos 2 θ, K A (t) starts from a finite value, evolves to a local maximum and then decays irreversibly to 1 as is shown in Fig. 2 (a) and (b) . However when sin 2 θ ≥ cos 2 θ as is shown in Fig. 2 (c) and (d), K A (t) decays directly and irreversibly to 1. Now let us focus on the reservoir entanglement. From the time dependent state (17) we see that the coefficient matrix of reservoir a is given as
Then the reduced density matrix is given by ρ a = C a C † a with an infinite number of non-zero eigenvalues
for k = 1, 2, 3, ..., ∞. Now from the definition (6) we find the reservoir Schmidt weight:
Obviously the reservoir is initially not entangled. Then its entanglement gradually increases, and at time t = (ln 2)/Γ A we find K A (t) = K a (t). When time goes to infinity we note
That is, the final reservoir entanglement K a (∞) equals the initial qubit entanglement K A (0). Fig. 2 plots the behavior of K a (t) as a function of t for various θ values. We note that in the region when sin 2 θ < cos 2 θ as is shown in Fig. 2 (a) and (b) , K a (t) starts from zero entanglement, reaches a maximum and then evolves to a finite value K A (0) in the end. In the opposite region of θ as shown in Fig. 2 (c) and (d) , it increases directly and irreversibly to the value K A (0). 
To summarize, the qubit entanglement K A (t) starts at a finite value and decays completely to zero entanglement, while K a (t) starts from no entanglement and eventually inherits the exact amount of the qubit's initial entanglement K A (0). This is exactly equal to the Moon entanglement K M , so one can see that the unknown Moon's entanglement (12) has jumped into the picture. It is constant itself, but it acts as a kind of buffer to restrict information flow to and from A. In another way of speaking, we could say that there is only a certain amount of "free" entanglement able to be exchanged, which is determined by the Moon.
To take a further step and without loss of generality, we now assume sin 2 θ ≥ cos 2 θ for convenience. Then we find two equalities connecting each of K A (t) and K a (t) to K M :
We note that both K A (t) and K a (t) are controlled by the Moon in a non-linear way. This control leads to a novel conservation relation between A and a in a pairwise fashion:
Although K A (t) and K a (t) are time dependent quantities they combine in this way to a constant determined only by the Moon entanglement K M .
Because of the restriction of the Moon entanglement we note from the conservation relation (30) that in this region sin 2 θ ≥ cos 2 θ or θ ∈ [π/4, 3π/4], the decreasing of K A (t) is accompanied by the increasing of K a (t) as is shown in Fig. 2 (c) and (d) . To see quantitatively this complementary relation let us take θ = π/4 as an example. Then the time dependent qubit and reservoir Schmidt weights simplify to
Obviously these two equations for K A (t) and K a (t) depend on time in an opposite way. It is interesting to note that the parameter Γ A , which represents a collective coupling between the atom and the reservoir modes, is also controlling the two entanglements inversely. This is because of the Moon entanglement K M , which acts as a buffer to both entanglements K A (t) and K a (t) but substantially in a opposite way through Γ A (see Eqs. (28) and (29)). We remark that for sin 2 θ < cos 2 θ, a similar relation to Eq. (30) can be achieved with only a modification of signs. In this case K A (t) and K a (t) are not always complementary any more as Fig. 2 (a) and (b) show for wide regions of t. However K A (t) and K a (t) still stand in a time-invariant relation similar to (30) and are connected only by K M .
IV. JAYNES-CUMMINGS INTERACTION
Spontaneous emission is an example of an irreversible process. In this section we will turn to a simple example when the A-a interaction is reversible, following the JC model [32] . Thus qubit A is still a two level atom while unit a is now simply a single mode lossless cavity. Local entanglement dynamics between the atom and the field in the JC model was first studied by Phoenix and Knight [14] by expressing the entangled atom-field state in terms of the eigenstates and eigenvalues of both the field and atomic operators, and revival physics [40] [41] [42] played a key role in the dynamics. Later, it was shown by Son, et al., [16] that entanglement between two non-interacting qubits can be generated through the qubits' local interactions with their corresponding JC cavities that are initially in an entangled two-mode squeezed state. Lee, et al., [13] showed that there is actually entanglement reciprocation between the two qubits and their corresponding continuous-variable systems such as JC cavities. Recently, the JC model was revisited by Yönaç, et al., [17, 18, 20] , and by Sainz and Björk [19] , to illustrate the entanglement sudden death phenomenon [4] , as well as to track the entanglement flow, and conservation relations were found by both groups [18, 19] .
Here we will continue to track the entanglement information in the JC dynamics, but in addition will account quantitatively for the role of the non-interacting unknown Moon. The JC Hamiltonian is given as
where σ z A , σ ± A are the usual Pauli matrices describing the two level atom A, while a † and a denote the standard creation and annihilation operators for the single mode cavity. The atom and cavity frequencies are ω A and ω a , respectively, and g is the coupling constant between the atom and the cavity. For convenience we take the resonant condition when ω A = ω a . Now from the generic expression (5) the initial state for the JC model can be written as |ψ AaM (0) = cos θ|e |m 1 + sin θ|g |m 2 ⊗ |0 , (34) where |e and |g are the excited and ground state of the two level atom, and we have defined |φ 1 = |0 as the zero photon state of the cavity. From the Jaynes-Cummings treatment [32] we will have the time dependent state as |ψ AaM (t) = cos θ|m 1 (t) e iωAt/2h cos gt|e |0
where |1 means that there is one photon in the cavity. If we follow the same Schmidt calculations as in the last section, we will have entanglement K A (t) between atom A and the rest of the universe as
That is, we find expression (21) again, except that e −ΓAt has been replaced by cos 2 gt. This is just the replacement of one formula for excited state probability by another, as the nature of the amplitude decay channel requires.
While the initial qubit entanglement K A (0) again has a value equal to the Moon entanglement (12) , in the JC dynamics K A (t) has a period of τ = π/g instead of decaying irreversibly as in the spontaneous emission case. We see at the half period time the atom loses all of its entanglement: K A (t = τ /2) = 1. Then it evolves to the initial value K A (0) at t = τ . Fig. 3 shows this periodic behavior of K A (t) plotted as a function of t at different θ values. Recovery of atom-field and atom-atom entanglement in the JC dynamics was already shown previously in Refs. [14] [15] [16] [17] [18] [19] [20] . However, here our result shows a different type of entanglement recovery, because K A (t) denotes another type of entanglement, this time including the unspecified non-interacting Moon as well as the cavity.
The cavity entanglement K a (t),
is also predictable if we look to (26) and see that 1 − e −ΓAt should be converted to sin 2 gt because both are expressions for the ground state probability. We note that K a (t) is also periodic. It is initially not entangled with its remainder (K a (0) = 1), and then increases with time. At t = π/4g, we have K a (t) = K A (t), and at the half period time we see that
exactly the same as K A (0) entanglement. Again Fig. 3 illustrates the periodic behavior of K a (t) as a function of t at various θ values. When compared with the behavior of the qubit entanglement we see that the amount of entanglement K M has been completely transferred from K A (t) to K a (t) at the half period time t = τ /2. After this, however, the entanglement is repeatedly transferred back and forth between K A (t) and K a (t). This is the major difference from the spontaneous emission case where the reversible process is absent. Again we work in the sector when sin 2 θ ≥ cos 2 θ for convenience and see that both of the entanglements K A (t) and K a (t) are restricted by the constant Moon entanglement K M in the following non-linear timedependent way:
This periodic time dependent control of the two Schmidt weights by the Moon entanglement is different from the spontaneous emission case. However, the two equalities also lead to the same generic entanglement conservation 
Therefore in the JC model case the time dependent Schmidt weights K A (t) and K a (t) are also restricted by the constant Moon entanglement K M . We see clearly here that the decrease of K A (t) is accompanied by the increase of K a (t) and vice versa as is shown in Fig. 3 (c) and (d). To show quantitatively we again take θ = π/4 as in Fig. 3 (c) to follow this complementary relation of the two entanglements:
which are the exact analogs of (31) and (32).
V. XY SPIN INTERACTION
We now move to a condensed matter context and take a final example when the A-a connection is a Heisenberg exchange interaction or spin-spin interaction. Here qubit system A is a spin one-half particle while unit a is now an N -spin XY chain [33] (see Fig. 4 ), a simplified model for strongly correlated materials such as ferromagnets, antiferromagnets, etc.
The first studies of entanglement flow in spin chains focused on few-qubit chains (N ≤ 6) and the W state [27] , and also entanglement dispersion in long chains (N ≫ 1) [28] . Amico, et al. [29] studied the propagation of a pairwise entangled state through an XY spin chain, and found that singlet-like states are transmitted with higher fidelity than other maximally entangled states. Here we also focus on the entanglement dynamics, not to transport the entanglement, but to track the information flow by taking into account the role of the entangled Moon. The interaction Hamiltonian of our scheme is given as
where σ ± are the usual Pauli matrices describing the spins, J A is the coupling constant between spin A and the first spin σ 1 of the XY chain, and J is the coupling constant between the nearest neighbor sites inside the XY chain. Now we take J A = J for convenience. This model can be transformed through a Jordan-Wigner transformation [43] into a set of free fermions (see for example Ref. [44] ) and thus can be solved exactly [33] . From the perspective of the Jordan-Wigner transformation, the XY model is equivalent here to a free fermion hopping model or Tight-Binding model describing phonon systems.
For the XY Hamiltonian H Aa the exact N + 1 eigenstates are given as
where |↑ and |↓ are the spin up and down states for our qubit A, and |1 n , |0 are the states of the XY spin chain with |1 n indicating there is a spin up at the nth site while all the rest are in the spin down state and |0 meaning all the sites from site 1 to site N are in the down state. Here k = 1, 2, 3, ..., N +1 represent the N +1 eigenstates. The corresponding eigenvalues are
Then the evolution operator can be written as
Again from the generic initial state (5) we have here for the XY model |ψ AaM (0) = cos θ |↑ |m 1 + sin θ |↓ |m 2 ⊗ |0 , (48) where we have defined |φ 1 = |0 to represent all the N spins in the XY chain that are in the down state. Then the time dependent state can be achieved as
where we have defined
Since c e (t) and c n (t) are complicated expressions for arbitrary number N , here we take N = 10 as an example to illustrate their properties. Then we have c e (t) = 1 12 2 + 3 cos(Jt) + 2 cos( √ 2Jt) + cos( √ 3Jt)
We note that the five cosine functions have five different periods and the ratio of any two periods is irrational. Therefore the five quantities will not have a common period, which means that c e (t) will oscillate all the time but without a fixed period. Now we define f (J, t) = |c e (t)| 2 and note that it can vary from 0 to 1. There are infinitely many solutions for f (J, t) = 0 as a function of time t, say t = τ i , with i = 1, 2, 3, ..., ∞.
If we follow the same Schmidt calculations as in the last two sections we will find the Schmidt weight K A (t) between the qubit spin A and the remainder as
We note that the qubit entanglement K A (t) is also oscillating as determined by f (J, t). As the amplitude channel requires, it starts at the familiar same value K A (0) = K M , and in this example evolves to zero entanglement at the time points τ i . After each of these zeros, K A (t) will increase to a local maximum point and then decay to 1 again at the next time point τ i+1 . Fig. 5 illustrates this particular behavior of K A (t) as a function of t at different values of θ. Such aperiodic behavior is intermediate to the previous two examples showing irreversible decay and periodic oscillation, and is expected on the basis of the irrationally related spin-chain eigenfrequencies. Now we come to the XY chain entanglement K a (t) representing the entanglement between the chain and its remainder, i.e., the end spin A and the Moon M . It is related to K A in the usual way. We just replace f (J, t) by 1 − f (J, t) and obtain:
So the chain entanglement also oscillates with f (J, t). In general, the entanglement will be transferred back and forth between K A (t) and K a (t) with K M the upper limit of entanglement that can be transferred just as the previous two cases. As expected, restrictions on entanglement flow follow the previous examples. In the regime sin 2 θ ≥ cos 2 θ we can simply repeat relations (39) and (40) by replacing cos 2 gt with f (J, t): 
Naturally, the same non-linear conservation relation (41) is recovered, and again the A and a entanglements behave complementarily, this time as a function of Jt as shown in Fig. 5 (c) and (d).
VI. SUMMARY
In summary we have studied entanglement information flow from the perspective of a dynamical qubit A in an initially mixed state, a state that was generated by an entanglement associated with a prior process, which we can loosely assign to an experimental preparation stage. Using Schmidt-decomposition rather than master-equation analysis, we derived conservation statements for the separate degrees of quantum entanglement of the qubit and of its interacting reservoir, and showed their relation to the entanglement of the unspecified background party we called the Moon, which was initially entangled but at t = 0 ceased to interact with either the qubit A or its environment a.
The new forms of entanglement conservation relations are nonlinear connections between quantum memories, dependent on the restrictions implied by amplitude flow channel dynamics. One can say that the channel's enforcement of excitation number conservation in the qubitreservoir interaction is the root cause of the entanglement and its flow. This is closely analogous to the continuous entanglement between transverse momenta in spontaneous parametric down conversion, which arises from the enforcement of simultaneous momentum and energy conservation on the two-photon amplitude in the creation of the signal and idler photons.
Although unspecified, and ignored in previous open system analyses, the Moon can be assigned responsibility for the initial impurity of the qubit state. The threepart total universe (A + a + M ) was bi-partitioned three ways in order to evaluate the respective Schmidt weights, as indicators of entanglements in three specific interaction models (spontaneous emission, JC interaction, and XY spin chain). These were analyzed to illustrate the flow of quantum information in different contexts, including both discrete and continuous versions of the reservoir system labelled a. Although the influences on individual entanglements differ in various ways, the amplitude flow common to them produces entanglement conservation relations in the same form. One can say that the non-specified Moon retains a kind of influence on the system of interest whether we are "looking" (through interaction) at it or not. The qubit can feel, through the entanglement conservation relation but not through interaction, that the Moon is there.
There can be interesting consequences when the Moon also has a significant dynamical evolution, although still not interacting with A, because its entanglement with A can then be assigned to part rather than all of it. This discussion will be undertaken elsewhere [45] . Finally we would like to comment on the inverse dependence of K A (t) and K a (t) on the interaction parameters as discussed at the end of our three examples. It will be particularly interesting if, for some systems, the interaction constant can be adjustable (e.g., the coupling constant of a spin-spin interaction). Especially in the thermodynamic limit interesting phenomena such as quantum phase transitions [46, 47] may arise from changes of the interaction parameter. The behavior of the entanglements in the vicinity of the critical point will be extremely interesting (see for example [48] and references therein).
